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Conformal eld theories whose correlation functions have logarithmic behaviour
were rst studied by Gurarie in the central charge c =  2 model [1]. This model is
one of the simplest systems since the correlation function in the problem consists of
only one kind of primary elds. Logarithmic conformal eld theories have interesting
properties: new operators are needed, which are called logarithmic operators and
never appeared for ordinary conformal eld theories. The origin of the logarithms
of Ref. [1] is a hypergeometric function, which is a solution of the dierential equa-
tion for the four-point correlation function and equivalent to the complete elliptic
integral of the rst kind. The origin should also be explained by the Feigin-Fuchs
construction [2], but the approach only to the logarithmic operators is studied [3].
The construction also applies to other models [4].
In this paper the four-point correlation function of Ref. [1] is calculated by us-
ing the Feigin-Fuchs construction. In this construction the correlation function is




. In order to evaluate this form we introduce an appropriate
regularization procedure: we perform an analytic continuation of a parameter in
the hypergeometric function, namely, take the limit c !  2 [5], and evaluate the
form of the correlation function by using essentially the de l'Hospital theorem. In
this way the logarithmic term appears, and our result is in agreement with that of
Ref. [1]. Application of our method to generic four-point correlation functions with
logarithms is under studying.
We now consider the Feigin-Fuchs construction [2] of conformal eld theories.


















where  is a real scalar eld and R is the scalar curvature on a sphere with xed
reference metric g

. The parameter 2
0
can be interpreted as the background
charge. On the complex plane, the energy momentum tensor is of the form













and two-point function of the eld  is h(z; z)(w;w)i =   ln jz   wj
2
. Thus the
central charge of the system is written in terms of 
0
as





When considering correlation functions of primary elds , we treat the correlation




instead of . The conformal















so two admissible operators exist for one eld . For the (p; q) primary elds 
p;q




























+ 2. The corresponding operator V



























A certain number of screening charges should be inserted in the correlation function
so that the charge neutrality condition, required by the zero mode integration of
, is satised. Since the screening charges are the integrals of the operators with
conformal weight one, the insertion have no eects on the conformal properties of
correlation functions.




















in the c =  2 model. Here (z; z)  
1;2






. In the Feigin-Fuchs construction, four-point correlation functions
of primary elds 
i














































































we choose m = 0














































. On the other hand, from the SL(2,C) Ward identity [6], the
correlation function (8) can be written as
G
(4)





































=1, F (x; x) can be







































The integral I(a; b; c;x) can be transformed into a sum of squares of line integrals
[2]
I(a; b; c;x) =





























 ( a  b  c  1)  (b+ 1)
 ( a  c)


















F ( b; a+ 1; a+ c+ 2;x): (18)








in Eq. (16) are determined by the monodor-










































































































(x) are the functions of the regularization parameter a, which
















































































































[ (1)   (n+ 1)    (
1
2






and  (x) is the digamma function. Anti-holomorphic part can be evaluated in the


























F (x) + (x$ x)
i
: (24)
Notice that from Appendix C of Ref. [7]
~

























This is just the function G(1   x) in Eq. (10) of Ref. [1], which is the origin of



















































; 1; 1   x
i
: (26)
This agrees with that of Ref. [1] up to overall constant, which was obtained by
directly solving the hypergeometric dierential equation.
In the above procedure we performed an analytic continuation of the rst pa-
rameter a of the function I(a; b; c;x). We can reproduce the same result by using
the third parameter c but not by the second one b. The fact depends on the choice









in Eq. (16) are determined by monodoromy invariance of Eq.
(16).
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